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An analysis is performed to study the effect of non-uniform double slot suction (injection) into a steady
two-dimensional laminar boundary layer flow when fluid properties such as viscosity and Prandtl num-
ber are inverse linear functions of temperature. Non-similar solutions have been obtained from the start-
ing point of the streamwise co-ordinate to the exact point of separation. By applying an implicit finite
difference scheme in combination with the quasi-linearization technique and an appropriate selection
of the finer step sizes along the streamwise direction, the difficulties arising at the starting point of
the streamwise co-ordinate, at the edges of the slot and at the point of separation have been overcome.
The results indicate that the separation can be delayed by non-uniform double slot suction and also by
moving the slot downstream. However, the effect of non-uniform double slot injection is just the
opposite.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Recently, a wide range of boundary layer flow problems have
been studied that took non-similarity into account. These studies
are of practical importance when non-similarity arises due to the
free stream velocity, the curvature of the body, the surface mass
transfer, or a combined effect of all these factors. A review of non-
similarity solution methods along with citations of some relevant
publications is found in Dewey and Gross [1]. Since then, there have
been several studies pertaining to non-similar flows by the finite dif-
ference method [2,3] and the implicit finite difference method in
combination with quasi-linearization technique [4,5].

Fluid viscosity and thermal conductivity are the main governing
fluid properties in laminar water boundary layer forced flow, and
hence their variations also can be expected to affect separation of
the boundary layer from the solid surface. As these properties are
temperature dependent, variations are most easily accomplished
in the boundary layer by maintaining a temperature difference be-
tween the solid wall and the fluid. In practice, wall heating has
been shown to be an efficient way to stabilize boundary layer flow
and to delay the flow transition when fluid viscosity decreases by
heating. Indeed for undersea applications, surface heating is an
effective means of controlling boundary layer separation since
heating promotes stability through the interplay among the
thermal boundary layer, the temperature dependent viscosity,
ll rights reserved.
and momentum balance in the crucial region near the wall. Several
investigators [6–8] have studied steady laminar boundary layer
flows over various heated bodies with variable fluid properties.

Mass transfer through a wall slot (i.e., mass transfer occurring in
a small porous section of the body surface while no mass transfer is
occurring in the remaining part of it) into the boundary layer is of
interest for various potential applications including thermal pro-
tection, energizing the inner portion of the boundary layer in ad-
verse pressure gradient, and skin friction reduction on control
surfaces. Moreover, mass transfer through a slot strongly influ-
ences the development of a boundary layer along a surface and
in particular can prevent or at least delay separation of the viscous
region.

Different studies [9,10] show the effect of single slot injection
(suction) into steady water and compressible boundary layer flows
over two-dimensional and axi-symmetric bodies. Moreover, Roy
[11] and Subhashini et al. [12] have investigated the influence of
non-uniform double slot injection (suction) on compressible
boundary layer flows over cylinder, sphere and yawed cylinder,
respectively. Also, in more recent studies, Roy et al. [13], and Roy
and Saikrishnan [14] have reported the influence of non-uniform
double slot injection (suction) on an incompressible boundary
layer flow over a slender cylinder and within a diverging channel,
respectively. Therefore, as a step towards the eventual develop-
ment of the study of mass transfer into the boundary layer flows,
it is interesting as well as useful to investigate the influence of
non-uniform double slot injection (suction) on steady laminar
non-similar water boundary layer flow over a cylinder.
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Fig. 1. Flow geometry and co-ordinate system.

Nomenclature

A mass transfer parameter
Ec Eckert number, viscous dissipation parameter
f dimensionless stream function
F dimensionless velocity along surface
G dimensionless temperature
L characteristic length
N viscosity ratio
Pr Prandtl number
R radius of the cylinder
ReL Reynolds number
T dimensional temperature
u, v velocity components along x- and y-directions, respec-

tively
ue(x) potential flow velocity
vw(x) surface mass transfer distribution
w* slot length parameter

x, y cartesian co-ordinates along and normal to surface,
respectively

�x0; �x1 slot location parameters

Greek symbols
b pressure gradient parameter
g transformed variable
l dynamic viscosity
n a scaled streamwise co-ordinate
w dimensional stream function

Subscripts
1 conditions in the free stream
e, w denote conditions at the edge of the boundary layer and

on the surface, respectively
g, n partial derivatives with respect to g and n
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The present investigation considers the effect of non-uniform
double slot suction (injection) on the steady non-similar water
boundary layer flow over a cylinder with variable viscosity and
Prandtl number. This analysis is useful in understanding many
boundary layer problems of practical importance for undersea
applications, for example, in suppressing recirculating bubbles
and controlling transition and/or separation of the boundary layer
over submerged bodies. The non-similar solutions have been ob-
tained starting from the origin of the streamwise co-ordinate to
the point of separation (zero skin friction in the streamwise direc-
tion) using a quasi-linearization technique with an implicit finite
difference scheme. There are two free parameters in this problem,
one measuring the length of the slot (i.e., the part of the body sur-
face in which there is a mass transfer) and the other fixing the po-
sition of the slot. Thus, these two parameters permit variations in
the slot length and movement of slot position.

2. Mathematical formulation

We consider laminar non-similar boundary layer forced convec-
tion flow (of water) with temperature-dependent viscosity and
Prandtl number over a cylinder when the free stream velocity
and the non-uniform mass transfer (suction/injection in a slot)
vary with the axial distance (x) along the surface. Let x and y be
the curvilinear co-ordinates along and perpendicular to the body
surface, respectively, with u and v being the corresponding velocity
components (see Fig. 1). The fluid is assumed to flow with moder-
ate velocity, and the temperature difference between the wall and
the free stream is small (<40 �C). In this range of temperature (i.e.,
0–40 �C), variation of both density (q) and specific heat (Cp) is less
than 1% (see Table 1), therefore they are considered to be con-
stants. However, since the variation of thermal conductivity (k)
and viscosity (l) [and hence Prandtl number (Pr)] with tempera-
ture is quite significant, the viscosity and Prandtl number are as-
sumed to vary as an inverse linear function of temperature (T) [4]:

l ¼ 1
b1 þ b2T

and Pr ¼ 1
c1 þ c2T

; ð1Þ

where

b1 ¼ 53:41; b2 ¼ 2:43; c1 ¼ 0:068 and c2 ¼ 0:004: ð2Þ

The numerical data used for these correlations are taken from [15].
The relations (1) and (2) are reasonably good approximations for
liquids such as water, particularly for small wall and ambient tem-
perature differences. As the fluid is incompressible, the contribution
of heating due to compression is very small and it has been ne-
glected. The effect of viscous dissipation is included in the analysis.
The fluid at the edge of the boundary layer is maintained at a con-
stant temperature T1, and the body has a uniform temperature Tw.
The blowing rate of the fluid is assumed to be small and it does not
affect the inviscid flow at the edge of the boundary layer. It is also
assumed that the injected fluid possesses the same physical proper-
ties as the boundary layer fluid and has a static temperature equal
to the wall temperature. The boundary layer equations governing
the flow are given by [9,16]:

ux þ vy ¼ 0; ð3Þ
uux þ vuy ¼ ueðueÞx þ q�1ðluyÞy; ð4Þ

uTx þ vTy ¼ q�1 l
Pr

Ty

� �
y
þ l

qCp
u2

y

� �
; ð5Þ



Table 1
Values of thermo-physical properties of water at different temperatures [15]

Temperature (T) (�C) Density (q)
(g/cm3)

Specific heat (Cp)
(J � 107/kg K)

Thermal conductivity (k)
(erg � 105/cm s K)

Viscosity (l)
(g � 10�2/cm s)

Prandtl number,
Pr

0 1.00228 4.2176 0.5610 1.7930 13.48
10 0.99970 4.1921 0.5800 1.3070 9.45
20 0.99821 4.1818 0.5984 1.0060 7.03
30 0.99565 4.1784 0.6154 0.7977 5.12
40 0.99222 4.1785 0.6305 0.6532 4.32
50 0.98803 4.1806 0.6435 0.5470 3.55
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with boundary conditions

uðx;0Þ ¼ 0; vðx;0Þ ¼ vwðxÞ; Tðx;0Þ ¼ Tw ¼ constant;
uðx;1Þ ¼ ueðxÞ; Tðx;1Þ ¼ T1 ¼ constant: ð6Þ

Applying the following transformations:

n ¼
Z x

0

ue

u1

� �
d

x
L

� �
; g ¼ ReL

2n

� �1=2 ue

u1

� �
y
L

� �
;

wðx; yÞ ¼ u1L
2n
ReL

� �1=2

f ðn;gÞ; u ¼ ow
oy
; v ¼ � ow

ox
;

ReL ¼
u1Lq

l
; G ¼ T � T1

Tw � T1
; F ¼ fgðn;gÞ ¼

u
ue
;

ð7Þ

to Eqs. (3)–(5), we see that the continuity Eq. (3) is identically sat-
isfied, and Eqs. (4) and (5) reduce to a non-dimensional form,
respectively, as:

ðNFgÞg þ fFg þ bðnÞð1� F2Þ ¼ 2nðFFn � fnFgÞ; ð8Þ

ðNPr�1GgÞg þ fGg þ NEc
ue

u1

� �2

F2
g ¼ 2nðFGn � fnGgÞ; ð9Þ

where

N ¼ l
l1
¼ b1 þ b2T1

b1 þ b2T
¼ 1

1þ a1G
; Pr ¼ 1

c1 þ c2T
¼ 1

a2 þ a3G
;

a1 ¼
b2

b1 þ b2T1

� �
DTw; a2 ¼ c1 þ c2T1; a3 ¼ c2DTw;

bðnÞ ¼ 2n
ue

due

dn
; Ec ¼ u2

1
CpDTw

; DTw ¼ ðTw � T1Þ:

The transformed boundary conditions are

Fðn;0Þ ¼ 0; Gðn; 0Þ ¼ 1;
Fðn;1Þ ¼ 1; Gðn;1Þ ¼ 0;

ð10Þ

where

f ¼
Z g

0
F dgþ fw and f w¼�n�1=2 ReL

2

� �1=2Z x

0

vw

u1

� �
d

x
L

� �
: ð11Þ

In the case of a circular cylinder of radius R, the velocity at the edge
of the boundary layer and the surface mass transfer are functions of
�x, which gives rise to non-similarity. The free stream velocity distri-
bution for the case of a circular cylinder and the distance from the
axis of the body are given by Schlichting [16]

ue

u1
¼ 2 sinð�xÞ; �x ¼ x

R
:

The values of n, b and fw are given by

n ¼ 2P1; b ¼ 2 cosð�xÞP�1
2 ; ð12Þ

fw ¼

0; �x 6 �x0;

Að2P1Þ�1=2C �x; �x0ð Þ; �x0 6 �x 6 �x�0;

Að2P1Þ�1=2C �x�0; �x0
� �

; �x�0 6 �x 6 �x1;

Að2P1Þ�1=2 C �x�0; �x0
� �

þ C �x; �x1ð Þ
� 	

; �x1 6 �x 6 �x�1;

Að2P1Þ�1=2 C �x�0; �x0
� �

þ C �x�1; �x1
� �� 	

; �x P �x�1;

8>>>>>>><
>>>>>>>:

ð13Þ
where the function

C �x; �x0ð Þ ¼ 1� cos w� �x� �x0ð Þf g and P1 ¼ 1� cos �x;

P2 ¼ 1þ cos �x:

Here vw is taken as

vwð�xÞ ¼

0; �x 6 �x0;

�u1
ReL
2

� ��1=2
Aw� sin w� �x� �x0ð Þf g; �x0 6 �x 6 �x�0;

0; �x�0 6 �x 6 �x1;

�u1
ReL
2

� ��1=2
Aw� sin w� �x� �x1ð Þf g; �x1 6 �x 6 �x�1;

0; �x P �x�1;

8>>>>>><
>>>>>>:

where w*, �x0 and �x1 are the three free parameters which determine
the slot length and slot location. The function vw is continuous for
all values of �x and it has a non-zero value only in the interval
½�x0; �x�0� and ½�x1; �x�1�. This type of function allows the mass transfer
to change slowly in the neighbourhood of the leading and trailing
edges of the slot. The parameter A > 0 or A < 0 indicates suction or
injection, respectively.

It is convenient to express Eqs. (8) and (9) in terms of �x instead
of n. Eq. (12) gives the relation between n and �x as

n
o

on
¼ Bð�xÞ o

o�x
; ð14Þ

where Bð�xÞ ¼ tan �x
2

� �
.

Substituting Eqs. (12) and (14) in Eqs. (8) and (9), we obtain

ðNFgÞg þ fFg þ bð�xÞð1� F2Þ ¼ 2Bð�xÞðFF�x � f�xFgÞ; ð15Þ

ðNPr�1GgÞg þ fGg þ NEc
ue

u1

� �2

F2
g ¼ 2Bð�xÞðFG�x � f�xGgÞ: ð16Þ

The boundary conditions reduce to

Fð�x;0Þ ¼ 0; Gð�x;0Þ ¼ 1;
Fð�x;1Þ ¼ 1; Gð�x;1Þ ¼ 0;

ð17Þ

where f ¼
R g

0 F dgþ fw and f w is given by Eq. (13). The skin friction
coefficient at the wall can be expressed in the form

Cf ðReLÞ1=2 ¼ 4P2P1=2
1 NwðFgÞw; ð18Þ

where Cf ¼
2sw

qu2
1
¼

2 l ou
oy

� �
w

qu2
1

.

Similarly, the heat transfer coefficient can be written in terms of
a Nusselt number as

NuðReLÞ�1=2 ¼ �21=2 cosð�x=2ÞðGgÞw; ð19Þ

where Nu ¼ �
L oT

oy

� �
w

DTw
.

3. Method of solution

The boundary value problem represented by Eqs. (15)–(17)
is tackled by the implicit finite difference scheme in combina-
tion with the quasi-linearization technique. Quasi-linear tech-
nique can be viewed as a generalization of the Newton–Raphson
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approximation technique in functional space. An iterative se-
quence of linear equations is carefully constructed to approximate
the non-linear equations (15) and (16) for achieving quadratic
convergence and monotonicity. The quadratic convergence and
monotonicity are unique characteristics for quasilinear implicit
finite difference scheme which makes this scheme superior than
built-in iteration of upwind or finite amplitude techniques.

Applying the quasi-linearization technique [5,9,17], we replace
the non-linear partial differential equations (15) and (16) by an
iterative sequence of linear equations as follows:

Xk
1Fkþ1

gg þ Xk
2Fkþ1

g þ Xk
3Fkþ1 þ Xk

4Fkþ1
�x þ Xk

5Gkþ1
g þ Xk

6Gkþ1 ¼ Xk
7; ð20Þ

Yk
1Gkþ1

gg þ Yk
2Gkþ1

g þ Yk
3Gkþ1 þ Yk

4Gkþ1
�x þ Yk

5Fkþ1
g þ Yk

6F ¼ Yk
7; ð21Þ

where the coefficient functions with iterative index k are known
and functions with iterative index k + 1 are to be determined.

The boundary conditions become

Fkþ1 ¼ 0; Gkþ1 ¼ 1 at g ¼ 0;

Fkþ1 ¼ 1; Gkþ1 ¼ 0 at g ¼ g1;

where g1 is the edge of the boundary layer. The coefficients in Eqs.
(20) and (21) are given by

Xk
1¼N;

Xk
2¼�a1N2Ggþ f þ2Bð�xÞf�x;

Xk
3¼�2bF�2Bð�xÞF�x;

Xk
4¼�2Bð�xÞF;

Xk
5¼�a1N2Fg;

Xk
6¼�a1N2Fggþ2a2

1N3FgGg;

Xk
7¼�bð1þF2Þþð1�N�1ÞN2Fgg�2a1N3FgGgþa1N2FgGg�2Bð�xÞFF�x;

Yk
1¼NPr�1;

Yk
2¼2a3NGg�2a1N2Pr�1Ggþ f þ2Bð�xÞf�x;

Yk
3¼�a1N2Pr�1Gggþa3NGggþ2a2

1N3Pr�1G2
g�2a1a3N2G2

g

�a1Ec
ue

u1

� �2

N2F2
g;

Yk
4¼�2Bð�xÞF;

Yk
5¼2Ec

ue

u1

� �2

NFg;

Yk
6¼�2Bð�xÞG�x;

Yk
7¼ a3NGggGþð1�N�1ÞN2Pr�1GggþEc

ue

u1

� �2

NF2
g

þEc
ue

u1

� �2

ð1�N�1ÞN2F2
gþa1N2Pr�1G2

g

�2a1N3Pr�1G2
gþ2a3N2G2

g�a3NG2
g�2Bð�xÞFG�x:

Now, the resulting sequence of linear partial differential equa-
tions (20) and (21) are expressed in difference form using a central
difference scheme in g-direction and backward difference scheme
in �x-direction. In each iteration step, the equations were then re-
duced to a system of linear algebraic equations with a block tri-
diagonal structure which is solved using Varga’s algorithm [18].
The step size in the g-direction has been chosen as Dg = 0.01
throughout the computations as it was found that a further de-
crease in Dg does not change the results up to the fourth decimal
place. In the �x-direction, D�x ¼ 0:01 was used for small values of
�xð6 0:5Þ, then it was decreased to D�x ¼ 0:005. This value of D�x
was used for �x 6 1:20, thereafter the step size has been reduced
further, ultimately choosing a value D�x ¼ 0:0001 near the point
of zero skin friction. This was done because the convergence be-
comes slower when the point of vanishing meridional skin friction
is approached. A convergence criterion based on the relative differ-
ence between the current and the previous iterations has been
used. The solution is assumed to have converged and the iterative
process is terminated when

max ðFgÞkþ1
w � ðFgÞkw




 


; ðGgÞkþ1
w � ðGgÞkw




 


n o
< 10�4:
4. Results and discussion

Computations were carried out for various values A
(�0.5 6 A 6 0.5), Ec (0 6 Ec 6 0.1) and with �x0 ¼ 0:5 and �x1 ¼
1:25. Numerical results are displayed in graphs using MATLAB. In
order to verify the correctness of the procedure, solutions have
been obtained for the non-similar incompressible flows by substi-
tuting Pr = 1.0 to compare the skin friction and heat transfer
parameters ½ðFgÞw; ðGgÞw�with the results of Venkatachala and Nath
[3] by finite difference method. Comparison of the results
½Cf ðReLÞ1=2;NuðReLÞ�1=2� is also made with the steady state results
of Eswara and Nath [4], who studied the problem of an unsteady
non-similar two-dimensional and axi-symmetric water boundary
layer with variable viscosity and Prandtl number. As the results
are found to be in very good agreement, they are not presented
here.

In Fig. 2, the effect of non-uniform suction of a single slot lo-
cated at the position �x0 ¼ 0:5 on the skin friction is compared with
that over a non-uniform suction of double slots situated at
�x0 ¼ 0:5 and �x1 ¼ 1:25. It is observed that the separation is delayed
and the point of separation moves further downstream with a dou-
ble slot suction than with a single slot suction. Hence, double slot
suction is more effective in delaying separation than single slot
suction. In both the double and single slot suction cases, the skin
friction gradually increases from the leading edge of the slot, at-
tains a maximum, and then starts decreasing at the rear end of
the slot.

The effect of mass transfer on skin friction, Cf ðReLÞ1=2, and the
heat transfer coefficient, NuðReLÞ�1=2, in the case of non-uniform
double slot suction is presented in Fig. 3. The skin friction and heat
transfer coefficients increase with an increase in mass transfer
rates, i.e., the value of A (A > 0). Also, the point of separation moves
further downstream with the increase of A. The plot for skin fric-
tion and heat transfer coefficients in the case of non-uniform injec-
tion in a double slot is presented in Fig. 4. In contrast to the results
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shown in Fig. 3, it is observed that the point of separation moves
upstream with an increase in the magnitude of the injection
parameter (A < 0, see Fig. 4).

Fig. 5 displays the effect of slot locations on the point of separa-
tion. The solid line with A = 0 corresponds to the no mass transfer
case, and the dashed line in Fig. 5 corresponds to the slots located
at �x0 ¼ 0:25 and �x1 ¼ 1. The solid line with A = 0.5 represents slots
positioned at �x0 ¼ 0:5 and �x1 ¼ 1:25, respectively. It is to be noted
that the point of separation moves further downstream when the
locations of the slots are moved downstream. Thus, the point of
separation can be delayed by non-uniform double slot suction
(A > 0) and also by positioning the slots further downstream.

5. Conclusions

The present study effectively compares the significance of non-
uniform double slot suction/injection of laminar boundary layer
flows over a cylinder. The numerical investigation shows that the
point of separation can be delayed by non-uniform double slot suc-
tion if the mass transfer rate is increased and also if the slots are
positioned further downstream. The results also indicate that the
effect of non-uniform double slot injection is just the reverse. In
addition, the investigation reveals that double slot suction is found
to be more effective compared to single slot suction in delaying
separation.
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